Abstract. In this paper, we characterize parabolic Besov and parabolic Sobolev spaces in R n+1 and R n+1 T , T > 0. We also, study the relation between parabolic Besov spaces in R n T , T > 0 and standard Besov space in R n .
Introduction
In this paper, we study the properties of the parabolic Besov spaces B α, 1 2 α p (R n+1 ) and the parabolic Sobolev spaces L p α (R n+1 ) for 1 ≤ p ≤ ∞, α ∈ R. We also, study the relation between the parabolic Besov spaces in R n T = {(X, t) | X ∈ R n , 0 < t < T }, 0 < T ≤ ∞ and the standard Besov space in R n .
The parabolic Sobolev spaces were studied in [9] and [17] . The authors in [9] proved the trace theorem of parabolic functions which is similar to the usual Sobolev spaces (see [2] ).
In fact, the parabolic Besov and the parabolic Sobolev spaces are particular case of the anisotropic Sobolev spaces and anisotropic Besov spaces, respectively, with dilation matrix δ ǫ = (ǫ 2 , ǫ, · · · , ǫ) (see [6] , [7] , [14] and [15] ).
For the properties about the usual Besov and Sobolev spaces, we refer [2] , [15] , [16] , [18] , [20] and the references therein.
The Besov and Sobolev spaces have being used in boundary value problems of several elliptic type partial differential equations in bounded domain in R n . When boundary data is given with the function in some Besov or Sobolev spaces, one can find the solutions of the boundary value problems of elliptic type partial differential equations which contained in the corresponding spaces with boundary data (see [4] , [5] , [8] , [11] ).
Like the Besov and Sobolev spaces, functions in parabolic Besov and Sobolev spaces can be used with boundary data and solutions of initial-boundary value problems of parabolic type partial differential equations in bounded cylinder (see [12] for the case heat equation). In section 2, we introduce a parabolic Sobolev space L p α (R n+1 ) and parabolic Besov space B α, 1 2 α p (R n+1 ). The properties to the parabolic Sobolev and parabolic Besov spaces are also stated.
In section 3, we show that f ∈ L p α (R n+1 ), 1 < p < ∞, α ∈ R is equivalent to
t is a fractional differential operator whose Fourier transform in term of t variable is defined by D
Our result in section 3 can be compared with the results of V. Gopala Rao and B. Frank Jones. In [17] 
, where * is a convolution in R n+1 and h 1 (X, t) = c 1 t
if t > 0 and h 1 (X, t) = 0 if t < 0. In [10] , B. Frank Jones induced several equivalent norms of parabolic Besov spaces. He also showed that f ∈ B α,
In section 4, we characterize the parabolic Besov spaces in R n T = {(X, t) ∈ R n+1 | 0 < t < T }, 0 < T ≤ ∞. We show that the parabolic Besov spaces in R n T are also interpolation spaces and have the same properties as the Theorem 3.4.
In the section 5, we study the properties of the solution u of the heat equation with
, and we investigate an equivalent relation between the parabolic Besov norm u
and the usual Besov norm
where Γ(X, t) = c n t
if t > 0 and Γ(X, t) = 0 if t < 0, and < ·, · > α is duality
It is easy to see that u is a solution to the heat equation in R n ∞ with the initial value f . Our main result in section 5 are stated as follows.
The notation A ≈ B means that there are positive constants c and C independent of f such that c ≤ A B ≤ C. Our result can be compared with the result of H. Triebel. In section 1.8.1 in [22] , H. Triebel showed that for 1 < p < ∞ and α > 2 p and m >
.
In this paper, we denote that A B means that A ≤ cB for positive constant c depending only on n, p, and T . We denote· as the Fourier transform in R, R n or R n+1 .
Parabolic Sobolev and parabolic Besov spaces on R n+1
For α ∈ R, we consider a distribution H α (ξ, τ ) whose Fourier transform in R n+1 is defined by
, where * is a convolution in R n+1 and S ′ (R n+1 ) is the dual space of the Schwartz space S(R n+1 ). In particular, when α = 0, we have that
We define functions φ i , ψ ∈ S(R n+1 ) whose Fourier transforms are written by
Note that φ i = 2 (i+2)n φ(2 i X, 2 2i t). For α ∈ R we define the parabolic Besov space
where * is a convolution in R n+1 . When p = q, we simply denote B α, (1) The definition of B α, 1 2 α pq (R n+1 ) does not depend on the choice of the function φ,
For the details of the proof of Proposition 2.1 we refer [2] for (2) (in particular Definition 6.2.2, Theorem 6.2.4 and Theorem 6.4.5 in [2] ), and refer [7] (Theorem 3) for (3). It is not difficult to derive (4) -(6) (see [2] ).
For the sake of later use, we define
for all f ∈ S(R n ), where F −1 (f ) is the inverse Fourier transform of f . We call the minimal
Similarly, we define L p (R n+1 )-multiplier. We introduce the Marcinkiewicz multiplier theorem (see Theorem 4.6 ′ in [18] ).
Proposition 2.3. Let m be a bounded function on R n \ {0}. Suppose also
as ρ ranges over dyadic rectangles of R k (If k = n, the " sup " sign is omitted).
(c) The condition analogous to (b) is valid for every for one of the n! permutations of
Then mu is L p -multiplier, 1 < p < ∞ and the multiplier norm depend only on B, p and n.
We denote by D i X k , i ∈ N ∪ {0} the i times derivatives with respect to X k . When i = 1,
t the pseudo-differential operator whose Fourier transform is defined by
for complex-value function f . For non-negative integer, we also denote D i t f by i times derivatives of f and D
The properties of parabolic Sobolev and parabolic Besov spaces
In this section, we study the properties of parabolic Sobolev and parabolic Besov spaces.
. Hence, we proved the one-side of Theorem 3.1.
Now, we prove the converse inequality. Suppose f, D
t f L p , and this will complete the proof of Theorem 3.1.
To prove the claim, let us R k , 1 ≤ k ≤ n be Riesz transforms in R n . Then, we have For general α ∈ R, by (4) in Proposition 2.1, we have that
Hence, we complete the proof of (3.1).
Proof. As the proof of Theorem 3.1, it suffices to show the Corollary when α = 2. Suppose
, applying the Theorem 3.1 two times, we have
With (3.5), (3.7) and the assumption, this implies
Hence, we completed the proof of Corollary 3.2.
Now, we define parabolic Sobolev spaceW α,
(1) From the Theorem 3.1 and Corollary 3.2, if α is non-negative integer and 1 < p < ∞, then we have
with the equivalent norms. Next, we study about the properties of parabolic Besov spaces. 
Proof. If 1 < p < ∞, then by Theorem 3.1 and the property of interpolation spaces (see (2) of Proposition 2.1), (3.9) holds. Hence we have only to consider the critical case p = 1 and p = ∞. Since the proofs are exactly same, we only prove in the case of p = 1.
Suppose that f ∈ B α, 
Note that by construction of ψ and φ i in section 2, we haveψ +φ 1 +φ 2 = 1 in supp (ψ +φ 1 )
Hence, by Young's inequality, we have
Hence, we have
Note that using (2.5) and change of variables, we have
As the same reason to the case of D X k f , using Young's inequality, we have D
. Hence, we proved one side of (3.9).
Conversely, we suppose that f
. We define Φ and Φ i by the functions whose Fourier transforms are written bŷ 11) where H is the Hilbert transform. We used the fact that
where sign(t) = 1 if t > 0 and sign(t) = −1 if t < 0. Hence, using change of variables (see (3.10)), we get
Hence, applying Young's inequality in (3.11), we have
Hence by (3.12), we have
Hence, we completed the proof of Theorem 3.4. By (2.2), (2.3) and Theorem 3.4, we get the following Corollary; Corollary 3.5.
(1) Let 1 ≤ p ≤ ∞ and α ∈ R such that 2i < α < 2i + 2 for positive
Proof. Applying Theorem 3.4 two times, we obtain one side of (1) . To show that the right side of (2) implies the left side of (3), we replace (3.11) and apply the proof of Theorem 3.4. (2) holds because of (1) 
(Compare with the section 1.8.1 in [22] ).
We introduce a function φ ′ ∈ S(R n ), the Schwartz space in R n , such that φ ′ (ξ) > 0, on 2 −1 < |ξ| < 2,
We define functions φ ′ i , ψ ′ ∈ S(R n ) whose Fourier transforms are written bŷ
As we defined the parabolic Besov space, we define a Besov space in R n . For α ∈ R we define the Besov space B α,
where * is a convolution in R n . When p = q, we simply denote B α, 
This completes the proof.
Proof of Theorem 5.1. Since the proof is similar, we only show in the case 1 ≤ p < ∞. To prove Theorem 5.1, we useψ ′ (ξ) + 1≤i<∞φ ′ (2 −i ξ) = 1 for all ξ ∈ R n . Note that
whereû is the Fourier transform in R n . Hence, we have 
